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SOME RESULTS AND EXAMPLES OF THE f-BIHARMONIC MAPS ON

WARPED PRODUCT MANIFOLDS

ABDELHAMID BOULAL ID AND SEDDIK OUAKKAS ID ∗

Abstract. In this paper, we present some constructions of f -biharmonic functions on the

warped product. We studied particular cases and we give some examples of f -biharmonic

maps.

1. Introduction

The smooth map φ : (Mm, g) −→ (Nn, h) between two Riemannian manifolds is said to

be harmonic if it is a critical point of the energy functional :

E(φ) =
1

2

∫
M
|dφ|2dvg.

φ is harmonic if it satisfies the Euler-Lagrange equation for the energy functional :

τ(φ) = Trg∇dφ = 0,

τ(φ) is called the tension field of φ. As a generalization, we define the bi-energy functional

of φ :

E2(φ) =
1

2

∫
M
|τ(φ)|2dvg.
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φ is said to be biharmonic if and only if

τ2(φ) = −Trg
(
∇φ
)2
τ(φ)− TrgRN (τ(φ), dφ)dφ = 0.

τ2(φ) is called the bi-tension field of φ.

Let f ∈ C∞ (M) be a positive function, We respectively define the f -energy and the

f -bienergy functional of φ by

Ef (φ) =
1

2

∫
M
f |dφ|2dvg

and

E2,f (φ) =
1

2

∫
M
f |τ(φ)|2dvg.

φ is said to be f -harmonic if and only if

τf (φ) = Trg∇fτ(φ) = 0, (1.1)

and it is said to be f -biharmonic if and only if

τ2,f (φ) = −Trg
(
∇φ
)2
fτ (φ)− TrgRN (fτ (φ) , dφ) dφ = 0. (1.2)

τf (φ) and τ2,f (φ) are called respectively the f -tension and f -bitension field of φ. Contrary

to the fact that any harmonic map is biharmonic, an f -harmonic map is not necessarily

f -biharmonic. By considering (Mm, g), (Nn, h) two Riemannian manifolds and α a positive

function on M , we recall that the warped product of M and N noted by (M ×α N,Gα) is

the Riemannian manifold, where the Riemannian metric Gα is defined by

Gα (X,Y ) = g (dπ (X) , dπ (Y )) + (α ◦ π)2 h (dη (X) , dη (Y )) , (1.3)

for all X = (X1, X2) , Y = (Y1, Y2) ∈ Γ (T (M ×N)), π : M × N −→ M and η : M ×

N −→ N are respectively the first and the second projection. The Levi-Civita connection

on (M ×N,G) and (M ×α N,Gα) are noted respectively by ∇ and ∇̃, the relation between

∇̃ and ∇ is given by

∇̃XY = ∇XY +X1 (lnα) (0, Y2) + Y1 (lnα) (0, X2)− α2h (X2, Y2) (grad lnα, 0) . (1.4)

Similarly, the relation between the curvature tensor fields of (M ×α N,Gα) and (M ×N,G)

is given by

R̃ (X,Y ) = R (X,Y ) + (∇Y1grad lnα+ Y1 (lnα) grad lnα, 0) ∧Gα (0, X2)

− (∇X1grad lnα+X1 (lnα) grad lnα, 0) ∧Gα (0, Y2)

− |grad lnα|2 (0, X2) ∧Gα (0, Y2) ,
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where

(X ∧Gα Y )Z = Gα (Z, Y )X −Gα (Z,X)Y

for all X,Y, Z ∈ Γ (T (M ×N)), where X = (X1, X2) and Y = (Y1, Y2). In [12], The

author studied the f -harmonicity on the doubly warped product manifold in order to con-

struct a non-trivial f -harmonic map, he deals in particular with the case of projection. The

author in [13] describes a new method for constructing f-biharmonic maps, this construc-

tion allowed him to give some examples of f -biharmonic map. In [5], the authors studied

f-harmonic morphisms which are a subclass of f -harmonic maps. In [4], the authors stud-

ied biharmonic maps between warped products, in particular they gave the condition for

the biharmonicity of the inclusion and of the projection. Our objective in this paper is

to present the condition of f -biharmonicity using the warped product of two Riemannian

manifolds. In the first part of this paper, we give the conditions for the f -biharmonicity of

the maps Φ : (Mm ×α Nn, Gα) −→ (P p, k) and Ψ : (Mm ×α Nn, Gα) → (P p, k) defined by

Φ (x, y) = φ (x) and Ψ (x, y) = ψ (y) (Theorem 2.1 and Theorem 2.2), with this classification,

we give some special cases and we construct an examples of f -biharmonic map. The study

of the f -biharmonicity of the identity maps Id : (Mm ×α Nn, Gα) −→ (Mm ×Nn, G) and

Id : (Mm ×Nn, G) −→ (Mm ×α Nn, Gα) is presented in the second part of this paper (The-

orem 2.3 and Theorem 2.4), where we give some particular results and we construct some

examples of f -biharmonic maps.

2. The main results.

In this section, we consider {ei}1≤i≤m an orthonormal frame on M and {fj}1≤j≤n an or-

thonormal frame on N . Then an orthonormal frame on M×αN is given by
{

(ei, 0) , 1
α (0, fj)

}
.

As a first result, we will study the f -biharmonicity of the map Φ : (Mm ×α Nn, Gα) −→

(P p, k) defined by Φ (x, y) = φ (x). We start by calculating the f -tension field of Φ.

Proposition 2.1. The f−tension field of the map Φ : (Mm ×α Nn, Gα) −→ (P p, k) defined

by Φ (x, y) = φ (x) is given by

τf (Φ) = f (τ (φ) + dφ (grad ln f) + ndφ (grad lnα)) , (2.5)

where φ : (Mm, g) −→ (P p, k) is a smooth map.
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Proof of Proposition 2.1. By definition, we have

τf (Φ) = TrGα∇fdφ̃

= ∇Φ
(ei,0)fdΦ (ei, 0) +

1

α2
∇Φ

(0,fj)
fdΦ (0, fj)

− fdΦ
(
Φ(ei,0) (ei, 0)

)
− f

α2
Φ
(
∇̃(0,fj) (0, fj)

)
.

Using the fact that dΦ (ei, 0) = dφ (ei) and dΦ (0, fj) = 0, a simple calculation gives

∇Φ
(ei,0)fdΦ (ei, 0) = f∇φeidφ (ei) + fdφ (grad ln f)

and

∇Φ
(0,fj)

dΦ (0, fj) = 0.

By using the equation (1.4), we deduce that

∇̃(ei,0) (ei, 0) = (∇eiei, 0)

and

∇̃(0,fj) (0, fj) =
(
0,∇fjfj

)
− nα2 (grad lnα, 0) .

It follows that

τf (Φ) = f∇φeidφ (ei)− fdφ
(
∇Mei ei

)
+ fdφ (grad ln f) + nfdφ (grad lnα)

then, we obtain

τf (Φ) = f (τ (φ) + dφ (grad ln f) + ndφ (grad lnα)) .

Remark 2.1. In the case where φ = IdM , we conclude that the first projection P1 :

(Mm ×α Nn, Gα) −→ (Mm, g) is f -harmonic if and only if the function fαn is constant.

The expression of the f -bitension field of the map Φ is given by the following Theorem.

Theorem 2.1. The f -bitension field of the map Φ : (Mm ×α Nn, Gα) −→ (P p, k) defined by

Φ (x, y) = φ (x) is given by the following formula

τ2,f (Φ) = fτ2 (φ)− nf
(
Trg

(
∇φ
)2
dφ (grad lnα) + TrgR

P (dφ (grad lnα) , dφ) dφ

)
− f

(
2∇φgrad ln fτ (φ) + n∇φgrad lnατ (φ)

)
− nf

(
2∇φgrad ln fdφ (grad lnα) + n∇φgrad lnαdφ (grad lnα)

)
− f

(
|grad ln f |2 + ∆ ln f + nd ln f (grad lnα)

)
τ (φ)

− nf
(
|grad ln f |2 + ∆ ln f + nd ln f (grad lnα)

)
dφ (grad lnα) .

(2.6)
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Proof of Theorem 2.1. By definition of the f -bitension field, we have

τ2,f (Φ) = −TrGα
(
∇Φ
)2
fτ (Φ)− fTrGαRP (τ (Φ) , dΦ) dΦ, (2.7)

where

τ (Φ) = τ (φ) + ndφ (grad lnα) .

Looking at the first term TrGα
(
∇Φ
)2
fτ (Φ), we have

TrGα
(
∇Φ
)2
fτ (Φ) = ∇Φ

(ei,0)∇
Φ
(ei,0)fτ (Φ)−∇Φ

Φ(ei,0)
(ei,0)fτ (Φ)

+
1

α2
∇Φ

(0,fj)
∇Φ

(0,fj)
fτ (Φ)− 1

α2
∇Φ

Φ(0,fj)
(0,fj)

fτ (Φ)
(2.8)

We will give a detailed calculation of this last equation. For the term ∇Φ
(ei,0)∇

Φ
(ei,0)fτ (Φ)−

∇Φ
Φ(ei,0)

(ei,0)fτ (Φ), we have

∇Φ
(ei,0)∇

Φ
(ei,0)fτ (Φ)−∇Φ

Φ(ei,0)
(ei,0)fτ (Φ)

= ∇Φ
(ei,0)∇

Φ
(ei,0)fτ (φ)−∇Φ

∇̃(ei,0)
(ei,0)

fτ (φ)

+ n∇Φ
(ei,0)∇

Φ
(ei,0)fdφ (grad lnα)− n∇Φ

∇̃(ei,0)
(ei,0)

fdφ (grad lnα) .

A simple calculation gives

∇Φ
(ei,0)∇

Φ
(ei,0)fτ (φ)−∇Φ

∇̃(ei,0)
(ei,0)

fτ (φ)

= fTrg

(
∇φ
)2
τ (φ) + 2f∇φgrad ln fτ (φ)

+ f
(
|grad ln f |2 + ∆ ln f

)
τ (φ)

and

∇Φ
(ei,0)∇

Φ
(ei,0)fdφ (grad lnα)−∇Φ

∇̃(ei,0)
(ei,0)

fdφ (grad lnα)

= fTrg

(
∇φ
)2
dφ (grad lnα) + 2f∇φgrad ln fdφ (grad lnα)

+ f
(
|grad ln f |2 + ∆ ln f

)
dφ (grad lnα) .

Then

∇Φ
(ei,0)∇

Φ
(ei,0)fτ

(
φ̃
)
−∇Φ

∇̃(ei,0)
(ei,0)

fτ (Φ)

= fTrg

(
∇φ
)2
τ (φ) + nfTrg

(
∇φ
)2
dφ (grad lnα)

+ 2f∇φgrad ln fτ (φ) + 2nf∇φgrad ln fdφ (grad lnα)

+ f
(
|grad ln f |2 + ∆ ln f

)
τ (φ)

+ nf
(
|grad ln f |2 + ∆ ln f

)
dφ (grad lnα) .

(2.9)



SOME RESULTS AND EXAMPLES OF THE f -BIHARMONIC MAPS ON WARPED PRODUCT ... 73

In the same way, we obtain

∇Φ
(0,fj)
∇Φ

(0,fj)
fτ (Φ) = 0

and

∇Φ
∇̃(0,fj)

(0,fj)
fτ (Φ) = −nα2∇φgrad lnαfτ (φ)− n2α2∇φgrad lnαfdφ (grad lnα)

= −nfα2∇φgrad lnατ (φ)− n2fα2∇φgrad lnαdφ (grad lnα)

− nfα2d ln f (grad lnα) τ (φ)

− n2fα2d ln f (grad lnα) dφ (grad lnα) .

(2.10)

By replacing (2.9) and (2.10) in (2.8), we deduce that

TrGα
(
∇Φ
)2
fτ (Φ) = fTrg

(
∇φ
)2
τ (φ) + nfTrg

(
∇φ
)2
dφ (grad lnα)

+ 2f∇φgrad ln fτ (φ) + nf∇φgrad lnατ (φ)

+ 2nf∇φgrad ln fdφ (grad lnα) + n2f∇φgrad lnαdφ (grad lnα)

+ f
(
|grad ln f |2 + ∆ ln f + nd ln f (grad lnα)

)
τ (φ)

+ nf
(
|grad ln f |2 + ∆ ln f + nd ln f (grad lnα)

)
dφ (grad lnα) .

(2.11)

Finally, the calculation of term TrGαR
P (τ (Φ) , dΦ) dΦ is simple, we have

TrGαR
P (τ (Φ) , dΦ) dΦ = RP (τ (Φ) , dΦ (ei, 0)) dΦ (ei, 0)

+
1

α2
RP (τ (Φ) , dΦ (0, fj)) dΦ (0, fj)

= RP (τ (Φ) , dΦ (ei, 0)) dΦ (ei, 0)

= RP (τ (φ) , dφ (ei)) dφ (ei)

+ nRP (dφ (grad lnα) , dφ (ei)) dφ (ei) .

It follows that

TrGαR
P (τ (Φ) , dΦ) dΦ = TrgR

P (τ (φ) , dφ) dφ+ nTrgR
P (dφ (grad lnα) , dφ) dφ. (2.12)
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By substituting (2.11) and (2.12) in (2.7), we arrive at the following formula

τ2,f (Φ) = fτ2 (φ)− nf
(
Trg

(
∇φ
)2
dφ (grad lnα) + TrgR

P (dφ (grad lnα) , dφ) dφ

)
− f

(
2∇φgrad ln fτ (φ) + n∇φgrad lnατ (φ)

)
− nf

(
2∇φgrad ln fdφ (grad lnα) + n∇φgrad lnαdφ (grad lnα)

)
− f

(
|grad ln f |2 + ∆ ln f + nd ln f (grad lnα)

)
τ (φ)

− nf
(
|grad ln f |2 + ∆ ln f + nd ln f (grad lnα)

)
dφ (grad lnα) .

Theorem 2.1 allows us to establish the f -biharmonicity condition of Φ.

Remark 2.2. The map Φ is f -biharmonic if and only if

τ2 (φ)− n
(
Trg

(
∇φ
)2
dφ (grad lnα) + TrgR

P (dφ (grad lnα) , dφ) dφ

)
−
(
|grad ln f |2 + ∆ ln f + nd ln f (grad lnα)

)
τ (φ)−

(
2∇φgrad ln fτ (φ) + n∇φgrad lnατ (φ)

)
− n

(
|grad ln f |2 + ∆ ln f + nd ln f (grad lnα)

)
dφ (grad lnα)

− n
(

2∇φgrad ln fdφ (grad lnα) + n∇φgrad lnαdφ (grad lnα)
)

= 0.

And in the case where φ is harmonic, we obtain

Corollary 2.1. If the map φ : (Mm, g) −→ (P p, k) is harmonic, we deduce that Φ is f -

biharmonic if and only if

Trg

(
∇φ
)2
dφ (grad lnα) + TrgR

P (dφ (grad lnα) , dφ) dφ

+ 2∇φgrad ln fdφ (grad lnα) + n∇φgrad lnαdφ (grad lnα)

+
(
|grad ln f |2 + ∆ ln f + nd ln f (grad lnα)

)
dφ (grad lnα) = 0.

In the particular case where f = α, the map Φ is f -biharmonic if and only if

Trg

(
∇φ
)2
dφ (grad ln f) + TrgR

P (dφ (grad ln f) , dφ) dφ

+
(

(n+ 1) |grad ln f |2 + ∆ ln f
)
dφ (grad ln f)

+ (n+ 2)∇φgrad ln fdφ (grad ln f) = 0.

The first projection corresponds to the case where φ = IdM , its f -biharmonicity is given

by
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Corollary 2.2. The first projection P1 : (Mm ×α Nn, Gα) −→ (Mm, g) defined by P1 (x, y) =

x is f -biharmonic if and only if

grad∆ lnα+
(
|grad ln f |2 + ∆ ln f + nd ln f (grad lnα)

)
grad lnα

+ 2∇φgrad ln fgrad lnα+
n

2
grad

(
|grad lnα|2

)
+ 2Ricci (grad lnα) = 0.

If f = α, the f -biharmonicity condition of the first projection P1 : (Mm ×f Nn, Gf ) −→

(Mm, g) is given by the following equation

grad∆ ln f +
(

(n+ 1) |grad ln f |2 + ∆ ln f
)
grad ln f

+
(n+ 2)

2
grad

(
|grad ln f |2

)
+ 2Ricci (grad ln f) = 0.

Corollary 2.2 allows us to give an example of a f -biharmonic map.

Example 2.1. Let P1 : R∗+ ×α Nn −→ R∗+ the first projection. By Corollary 2.2, P1 is

f -biharmonic if and only if the functions f1 (t) = (ln f (t))′ and α1 (t) = (lnα (t))′ satisfy the

following differential equation

f ′1α1 + f2
1α1 + nf1α

2
1 + α′′1 + nα1α

′
1 + 2f1α

′
1 = 0.

We will look for solutions of type f1 (t) = a
t and α1 (t) = b

t where a, b ∈ R∗, then the first

projection P1 is f -biharmonic if and only if

(a− 1) (a+ nb− 2) = 0.

We distinguish two cases :

(1) If a = 1, P1 is f -biharmonic if and only if f (t) = C1t and α (t) = C2t
b for any

b ∈ R∗, where C1 and C2 are positive constants.

(2) If a = 2− nb, P1 is f -biharmonic if and only if f (t) = C1t
2−nb and α (t) = C2t

b for

any b ∈ R∗, where C1 and C2 are positive constants.

Now we will determine the f -biharmonicity condition of the map Ψ : (Mm ×α Nn, Gα) −→

(P p, k) defined by Ψ (x, y) = ψ (y) where ψ : (Nn, g) −→ (P p, k) is a smooth map.

Theorem 2.2. The f -tension field and the f -bitension field of Ψ are given by

τf (Ψ) =

(
f

α2
◦ π
)
τ (ψ) (2.13)
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and

τ2,f (Ψ) =

(
f

α4
◦ π
)
τ2 (ψ)

−
(
f

α2

(
∆ ln f + |grad ln f |2

)
◦ π
)
τ (ψ)

+

(
f

α2

(
2∆ lnα+ (2n− 4) |grad lnα|2

)
◦ π
)
τ (ψ)

− (n− 4)

(
f

α2
(d ln f (grad lnα)) ◦ π

)
τ (ψ) .

(2.14)

Proof of Theorem 2.2. Let’s start with the calculation of the f -tension field of Ψ, we

have

τf (Ψ) = TrGα∇fdΨ

= ∇Ψ
(ei,0)fdΨ (ei, 0)− fdΨ

(
∇̃(ei,0) (ei, 0)

)
+

(
f

α2
◦ π
)
∇Ψ

(0,fj)
dΨ (0, fj)−

(
f

α2
◦ π
)
dΨ
(
∇̃(0,fj) (0, fj)

)
.

By equation (1.4), we deduce that

τf (Ψ) =

(
f

α2
◦ π
)
∇ψfjdψ (fj)−

(
f

α2
◦ π
)
dψ
(
∇fjfj

)
,

then

τf (Ψ) =

(
f

α2
◦ π
)
τ (ψ) .

It follows that Ψ is f -harmonic if and only if ψ is harmonic. Let’s go to the calculation of

τ2,f (Ψ), we have

τ2,f (Ψ) = −TrGα
(
∇Ψ
)2
fτ (Ψ)− TrGαRP (fτ (Ψ) , dΨ) dΨ, (2.15)

where

τ (Ψ) =

(
1

α2
◦ π
)
τ (ψ) .

By definition of TrGα
(
∇Ψ
)2
fτ (Ψ), we have

TrGα
(
∇Ψ
)2
fτ (Ψ) = ∇Ψ

(ei,0)∇
Ψ
(ei,0)fτ (Ψ)−∇Ψ

∇̃(ei,0)
(ei,0)

fτ (Ψ)

+

(
1

α2
◦ π
)
∇Ψ

(0,fj)
∇Ψ

(0,fj)
fτ (Ψ)−

(
1

α2
◦ π
)
∇Ψ
∇̃(0,fj)

(0,fj)
fτ (Ψ) .

The calculation of the terms of this equation gives us

∇Ψ
(ei,0)∇

Ψ
(ei,0)fτ (Ψ)−∇Ψ

∇̃(ei,0)
(ei,0)

fτ (Ψ)

=

(
f

α2

(
∆ ln f + |grad ln f |2 − 2∆ lnα+ 4 |grad lnα|2 − 4d ln f (grad lnα)

)
◦ π
)
τ (ψ) ,(

1

α2
◦ π
)
∇Ψ

(0,fj)
∇Ψ

(0,fj)
fτ (Ψ) =

((
f

α4

)
◦ π
)
∇ψfj∇

ψ
fj
τ (ψ)



SOME RESULTS AND EXAMPLES OF THE f -BIHARMONIC MAPS ON WARPED PRODUCT ... 77

and(
1

α2
◦ π
)
∇Ψ
∇̃(0,fj)

(0,fj)
fτ (Ψ) =

(
f

α4
◦ π
)
∇ψ∇fj fjτ (ψ)

+ n

(
f

α2

(
2 |grad lnα|2 − d ln f (grad lnα)

)
◦ π
)
τ (ψ) .

Which gives us

TrGα

(
∇ψ̃
)2
fτ
(
ψ̃
)

=

(
f

α4
◦ π
)
Trh∇2τ (ψ)

+

(
f

α2

(
∆ ln f + |grad ln f |2

)
◦ π
)
τ (ψ)

−
(
f

α2

(
2∆ lnα+ (2n− 4) |grad lnα|2

)
◦ π
)
τ (ψ)

+ (n− 4)

(
f

α2
(d ln f (grad lnα)) ◦ π

)
τ (ψ) .

(2.16)

Finally for the first term TrGαR
P (fτ (Ψ) , dΨ) dΨ, it is easy to verify that

TrGαR
P (fτ (Ψ) , dΨ) dΨ =

(
f

α4
◦ π
)
TrhR

P (τ (ψ) , dψ) dψ. (2.17)

If we substitute (2.16) and (2.17) in (2.15), we obtain

τ2,f (Ψ) =

(
f

α4
◦ π
)
τ2 (ψ)

−
(
f

α2

(
∆ ln f + |grad ln f |2

)
◦ π
)
τ (ψ)

+

(
f

α2

(
2∆ lnα+ (2n− 4) |grad lnα|2

)
◦ π
)
τ (ψ)

− (n− 4)

(
f

α2
(d ln f (grad lnα)) ◦ π

)
τ (ψ) .

If the map ψ a biharmonic non-harmonic, we obtain :

Corollary 2.3. If ψ is a biharmonic non-harmonic map, then Ψ is f -biharmonic if and only

if the functions f and α satisfy the following equation

∆ ln f + |grad ln f |2 − 2∆ lnα+ (4− 2n) |grad lnα|2 + (n− 4) d ln f (grad lnα) = 0.

And if f = α, the last equation becomes

∆ ln f + (n− 1) |grad ln f |2 = 0.

We will have two cases
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(1) If n 6= 1, by calculating the Laplacian of the function fn−1, we deduce that the map

Ψ : (Mm ×f Nn, Gf ) −→ (P p, k) is f -biharmonic if and only if the function fn−1 is

harmonic.

(2) If n = 1, Ψ : (Mm ×f Nn, Gf ) −→ (P p, k) is f -biharmonic if and only if the function

ln f is harmonic.

In the same construction context, let’s look at the identity map Id : (Mm ×α Nn, Gα) −→

(Mm ×Nn, G) .

Theorem 2.3. The identity map Id : (Mm ×α Nn, Gα) −→ (Mm ×Nn, G) is f -biharmonic

if and only

grad∆ lnα+ 2∇Mgrad ln fgrad lnα+
n

2
grad

(
|grad lnα|2

)
+
(

∆ ln f + |grad ln f |2 + nd ln f (grad lnα)
)
grad lnα

+ 2RicciM (grad lnα) = 0.

(2.18)

Proof of Theorem 2.3. By definition of the f -tension field of Id, we have

τf (Id) = ∇(ei,0)f (ei, 0)− f
(
∇̃(ei,0) (ei, 0)

)
+

f

α2
∇(0,fj) (0, fj)−

f

α2

(
∇̃(0,fj) (0, fj)

)
.

It is simple to see that

∇(ei,0)f (ei, 0) = ∇(ei,0) (ei, 0) + f (grad ln f, 0) = (∇eiei, 0) + f (grad lnα, 0) ,

∇(ei,0) (ei, 0) = (∇eiei, 0) ,

∇̃(0,fj) (0, fj) =
(
0,∇fjfj

)
,

and

∇̃(0,fj) (0, fj) =
(
0,∇fjfj

)
− nα2 (grad lnα, 0) .

Then

τf (Id) = f (grad ln f, 0) + nf (grad lnα, 0) = f (grad ln (fαn) , 0) .

From the expression of τf (Id), we deduce that Id is f -harmonic if and only if the function

fαn is constant. The biharmonicity condition of the identity map Id is given by the equation

TrGα∇2f (grad lnα, 0) + f2TrGαR
M×N ((grad ln f, 0) , dφ) dφ = 0. (2.19)
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For the first term A TrGα∇2f (grad lnα, 0) of equation (2.19)

TrGα∇2f (grad lnα, 0) = ∇(ei,0)∇(ei,0)f (grad lnα, 0)−∇∇̃(ei,0)
(ei,0)

f (grad lnα, 0)

+
1

α2

(
∇(0,fj)∇(0,fj)f (grad lnα, 0)−∇∇̃(0,fj)

(0,fj)
f (grad lnα, 0)

)
.

(2.20)

The separate calculation of these terms gives us

∇(ei,0)∇(ei,0)f (grad lnα, 0)−∇∇̃(ei,0)
(ei,0)

f (grad lnα, 0)

= f
(
Trg∇2grad lnα, 0

)
+ 2f

(
∇Mgrad ln fgrad lnα, 0

)
+ f

(
∆ ln f + |grad ln f |2

)
(grad lnα, 0) ,

(2.21)

and

∇(0,fj)∇(0,fj)f (grad lnα, 0)−∇∇̃(0,fj)
(0,fj)

f (grad lnα, 0)

= nfα2

(
1

2

(
grad

(
|grad lnα|2

)
, 0
)

+ d ln f (grad lnα) (grad lnα, 0)

)
.

(2.22)

From the equations (2.20), (2.21) and (2.22), we obtain

TrGα∇2f (grad lnα, 0) = f
(
Trg∇2grad lnα, 0

)
+ 2f

(
∇Mgrad ln fgrad lnα, 0

)
+ f

(
∆ ln f + |grad ln f |2 + nd ln f (grad lnα)

)
(grad lnα, 0)

+
n

2
f
(
grad

(
|grad lnα|2

)
, 0
)
.

By using the fact that (see [17])

Trg∇2gradf = grad∆f +Ricci (gradf) ,

we conclude that

TrGα∇2f (grad lnα, 0) = f (grad∆ lnα, 0) + 2f
(
∇Mgrad ln fgrad lnα, 0

)
+ f

(
∆ ln f + |grad ln f |2 + nd ln f (grad lnα)

)
(grad lnα, 0)

+
n

2
f
(
grad

(
|grad lnα|2

)
, 0
)

+ f
(
RicciM (grad lnα) , 0

)
.

(2.23)

Finally, it is clear that

TrGαR ((grad lnα, 0) , dφ) dφ = (Ricci (grad lnα) , 0) . (2.24)
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The equations (2.23) and (2.24) give us

TrGα∇2f (grad lnα, 0) + +fTrGαR
M×N ((grad lnα, 0) , dφ) dφ

= f (grad∆ lnα, 0) + 2f
(
∇Mgrad ln fgrad lnα, 0

)
+ f

(
∆ ln f + |grad ln f |2 + nd ln f (grad lnα)

)
(grad lnα, 0)

+
n

2
f
(
grad

(
|grad lnα|2

)
, 0
)

+ 2f
(
RicciM (grad lnα) , 0

)
.

Then the identity map Id : (Mm ×α Nn, Gα) −→ (Mm ×Nn, G) is f -biharmonic if and only

if

grad∆ lnα+ 2∇Mgrad ln fgrad lnα+
n

2
grad

(
|grad lnα|2

)
+
(

∆ ln f + |grad ln f |2 + nd ln f (grad lnα)
)
grad lnα

+ 2RicciM (grad lnα) = 0.

The following corollary results from the case where f = α.

Corollary 2.4. Id : (M ×f N,Gf ) −→ (M ×N,G) is f -biharmonic if and only if

grad∆ ln f +
n+ 2

2
grad

(
|grad ln f |2

)
+ 2RicciM (grad ln f)

+
(

∆ ln f + (n+ 1) |grad ln f |2
)
grad ln f = 0.

Theorem 2.3 gives us the following example.

Example 2.2. Let Id : Rm \ {0} ×α Nn −→ Rm \ {0} × Nn when we suppose that the

positives functions f and α are radial. Then by Theorem 2.3, we deduce that the identity

map Id is f -biharmonic if and only if the functions f1 (r) = (ln f (r))′ and α1 (r) = (lnα (r))′

are solutions of the following differential equation

f ′1α1 + f2
1α1 + nf1α

2
1 + α′′1 + nα1α

′
1 + 2f1α

′
1 +

m− 1

r
α′1 −

m− 1

r2
α1 = 0.

A method to solve this equation is to look at the solutions of the form f1 (r) = a
r and α1 (r) = b

r

(a, b ∈ R∗), thef -biharmonicity of Id is expressed by the algebraic equation

a2 + (nb− 3) a− (nb+ 2m− 4) = 0.

For this equation, we can distinguish the following cases :

(1) If m = 1, we obtain two solutions a = 1 and a = 2− nb.

• For a = 1, Id is f -biharmonic if and only if f (r) = C1r and α (r) = C2r
b for

any b ∈ R∗, where C1 and C2 are positive constants.
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• For a = 2 − nb, Id is f -biharmonic if and only if f (r) = C1r
2−nb and α (r) =

C2r
b for any b ∈ R∗, where C1 and C2 are positive constants.

(2) For m > 1, the equation a2 + (nb− 3) a− (nb+ 2m− 4) = 0 has two real solutions

a =
3− nb+A

2

and

a =
3− nb−A

2
,

where

A =
√
n2b2 − 2nb+ 8m− 7.

• For a = 3−nb+A
2 , Id is f -biharmonic if and only if f (r) = C1

√
r3−nb+A and

α (r) = C2r
b for any b ∈ R∗, where C1 and C2 are positive constants.

• For a = 3−nb−A
2 , Id is f -biharmonic if and only if f (r) = C1

√
r3−nb−A and

α (r) = C2r
b for any b ∈ R∗, where C1 and C2 are positive constants.

As a last result, we give a theorem analogous to Theorem 2.3 by considering the identity

map Id : (Mm ×Nn, G) −→ (Mm ×α Nn, Gα).

Theorem 2.4. The identity map Id : (Mm ×Nn, G) −→ (Mm ×α Nn, Gα) is biharmonic if

and only if

grad∆ lnα+ 2∇grad ln fgrad lnα+
(

2− n

2
α2
)
grad

(
|grad lnα|2

)
+
(

∆ ln f + |grad ln f |2 + 4d ln f (grad lnα)
)
grad lnα

+
(

2∆ lnα+
(
4− 2nα2

)
|grad lnα|2

)
grad lnα+ 2Ricci (grad lnα) = 0.

Proof of Theorem 2.4. By definition, we have

τf (Id) = f∇̃(ei,0) (ei, 0) + ei (f) (ei, 0)− fdφ (∇eiei, 0)

+ f∇̃(0,fj) (0, fj)− fdφ
(
0,∇fjfj

)
= fdφ (∇eiei, 0) + f (grad ln f, 0)− fdφ (∇eiei, 0)

+ fdφ
(
0,∇fjfj

)
− nα2 (grad lnα, 0)− fdφ

(
0,∇fjfj

)
,

it follows that

τf (Id) = f
(
(grad ln f, 0)− nα2 (grad lnα, 0)

)
.

It is simple to see that in this case Id is f -harmonic if and only if f = Ce
n
2
α2

. The identity

map Id is f -biharmonic if and only if

TrG∇̃2fα2 (grad lnα, 0) + fα2TrGR̃ ((grad lnα, 0) , ·) · = 0. (2.25)
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For the first term TrG∇̃2fα2 (grad lnα, 0), we have

TrG∇̃2fα2 (grad lnα, 0) = ∇̃(ei,0)∇̃(ei,0)fα
2 (grad lnα, 0)

− ∇̃(∇eiei,0)
fα2 (grad lnα, 0)

+ fα2∇̃(0,fj)∇̃(0,fj) (grad lnα, 0)

− fα2∇̃(
0,∇fj fj

) (grad lnα, 0) .

(2.26)

The terms of equation (2.26) are calculated from the same method used in Theorem 2.4, we

find

∇̃(ei,0)∇̃(ei,0)fα
2 (grad lnα, 0)− ∇̃(∇eiei,0)

fα2 (grad lnα, 0)

= fα2 (grad∆ lnα, 0) + 2fα2 (∇grad ln fgrad lnα, 0)

+ fα2
(

∆ ln f + |grad ln f |2
)

(grad lnα, 0)

+ 2fα2
(

∆ lnα+ 2 |grad lnα|2
)

(grad lnα, 0)

+ 4fα2d ln f (grad lnα) (grad lnα, 0)

+ 2fα2
(
grad

(
|grad lnα|2

)
, 0
)

+ fα2 (Ricci (grad lnα) , 0) ,

(2.27)

and

∇̃(0,fj)∇̃(0,fj) (grad lnα, 0)− ∇̃(
0,∇fj fj

) (grad lnα, 0)

= −nα2 |grad lnα|2 (grad lnα, 0) .

(2.28)

If we replace (2.27) and (2.28) in (2.26), we deduce that

TrG∇̃2fα2 (grad lnα, 0) = fα2 (grad∆ lnα, 0) + 2fα2 (∇grad ln fgrad lnα, 0)

+ 2fα2
(
grad

(
|grad lnα|2

)
, 0
)

+ fα2∆ ln f (grad lnα, 0)

+ 2fα2∆ lnα (grad lnα, 0) + fα2 |grad ln f |2 (grad lnα, 0)

+ 4fα2d ln f (grad lnα) (grad lnα, 0)

+ fα2
(
4− nα2

)
|grad lnα|2 (grad lnα, 0)

+ fα2 (Ricci (grad lnα) , 0) .

(2.29)

To calculate TrGR̃ ((grad lnα, 0) , ·) ·, we use the relation between the curvature tensor fields

of Gα and G, we obtain

R̃ ((grad lnα, 0) , (ei, 0)) (ei, 0) = (Ricci (grad lnα) , 0)
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and

R̃ ((grad lnα, 0) , (0, fj)) (0, fj) = −nα2 |grad lnα|2 (grad lnα, 0)−n
2
α2
(
grad

(
|grad lnα|2

)
, 0
)
.

It follows that

TrGR̃ ((grad lnα, 0) , ·) · = R̃ ((grad lnα, 0) , (ei, 0)) (ei, 0)

+ R̃ ((grad lnα, 0) , (0, fj))

= −nα2 |grad lnα|2 (grad lnα, 0)

− n

2
α2
(
grad

(
|grad lnα|2

)
, 0
)

+ (Ricci (grad lnα) , 0) .

(2.30)

By replacing (2.29) and (2.30) in (2.25), we conclude that the identity map Id : (Mm ×Nn, G) −→

(Mm ×α Nn, Gα) is f -biharmonic if and only if

grad∆ lnα+ 2∇grad ln fgrad lnα+
(

2− n

2
α2
)
grad

(
|grad lnα|2

)
+
(

∆ ln f + |grad ln f |2 + 4d ln f (grad lnα)
)
grad lnα

+
(

2∆ lnα+
(
4− 2nα2

)
|grad lnα|2

)
grad lnα+ 2Ricci (grad lnα) = 0.

If f = α, we obtain

Corollary 2.5. The identity map Id : (Mm ×Nn, G) −→ (Mm ×f Nn, Gf ) is f -biharmonic

if and only if

grad∆ ln f +
(

3∆ ln f +
(
9− 2nf2

)
|grad ln f |2

)
grad ln f

+
(

3− n

2
f2
)
grad

(
|grad ln f |2

)
+ 2Ricci (grad ln f) = 0.

As an application of the Theorem 2.4, we give an example of a f -biharmonic map.

Example 2.3. Let Id : R∗+×Nn −→ R∗+×αNn the identity map and let f and α a positive

functions on R∗+. By Theorem 2.4, Id is f -biharmonic if and only

f ′1α1 + f2
1α1 + 4f1α

2
1 + α′′1 + 6α1α

′
1 + 2f1α

′
1 − nα2α1α

′
1 − 2nα2α3

1 + 4α3
1 = 0,

where f1 (t) = (ln f (t))′ and α1 (t) = (lnα (t))′. In solving this equation, we found particular

solutions given by f (t) = C1t and α (t) = C2

√
t, where C1 and C2 are positive constants,

which implies that the identity map Id : R∗+ ×Nn −→ R∗+ ×α Nn is f -biharmonic.
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